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Abstract

While Maxwell’s equations provide a complete description of light,
analytical solutions are typically unavailable, and descriptions like com-
puter rendering use simpler approximations like geometric optics to de-
scribe light. This approach however, fails to capture wave phenomena
like diffraction and interference. This paper presents a detailed derivation
that connects these two domains, and demonstrates that geometric optics
is the high frequency asymptotic limit of electromagnetic wave theory.
Following Kline [2] it begins with Maxwell’s equations for a medium with
a harmonic source and, applying a form of Duhamel’s principle, constructs
the general field solution. Through asymptotic expansion in the limit of
large frequency the solution is separated into a leading-order “geomet-
ric optics” term governed by the eikonal equation and a series of “wave
optics” corrections. This justifies the ray model as a high frequency ap-
proximation. As an alternative approach, we transition from wave fronts
to rays, using a variational calculus approach based on Fermat’s principle
of least time. By rigorously formulating the action functional and its vari-
ation across a discontinuous interface, we derive the vector form of Snell’s
law as a necessary condition for path given a set of conditions. This work
clarifies the foundational relationship between wave optics and geometric
optics, confirming that ray modeling is a mathematically consistent limit
of wave behavior and laying a foundation for a deeper exploration of wave
optics approximations.
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1 Introduction

A complete description of light as an electromagnetic wave is provided by
Maxwell’s equations. To solve any light-related problem, we must solve these
equations with the appropriate initial and boundary conditions. One drawback
is that exact analytical solutions to Maxwell’s equations are only possible for
a limited number of idealized scenarios, for example, a uniform plane wave in
a vacuum or a homogeneous medium. Consequently, scientists and engineers,
particularly in fields like high-frequency optics, often resort to the simpler ap-
proximations of geometric optics.

While highly useful, this geometric approach comes with a significant lim-
itation: it fails to capture essential wave phenomena such as diffraction and
interference, as it does not model the wave nature of light.

1.1 A Brief History

The foundations of geometric optics are centuries old. The law of reflection has
been known since Euclid, and the law of refraction was formulated in the 17th
century by René Descartes and Willebrord Snell. Robert Boyle and Robert
Hooke observed interference; Olaf Rgmer established the finite speed of light;
Francesco Maria Grimaldi and Hooke discovered diffraction; Erasmus Bartholi-
nus documented double refraction; and Isaac Newton discovered dispersion [3].

These empirical laws were later unified by Fermat’s Principle of Least Time.
It is an ad-hoc theory that minimizes the path length that light takes between
two points. It is defined as the integral of the line of the index of refraction
n(x,y, z) along the path. A correct variational formulation states that the first
variation of this integral must be zero.

The mathematical theory of geometrical optics is based on the work of
William R. Hamilton. He introduced the concept of a characteristic function,
which expresses the optical path length as a function of the endpoints of a
light ray. The partial derivatives of this function yield the direction of the ray,
which is used to solve problems involving lenses, mirrors, and anisotropic crys-
tals. Hamilton’s work also revealed the deep mathematical equivalence between
Fermat’s principle and Huygens’ principle.

Geometric optics can describe most behaviors of light, however, it is unable
to account for interference, diffraction, and polarization. In the early 19th cen-
tury, experiments by Thomas Young, Augustin Fresnel, and others solidified the
wave nature of light. Fresnel extended Huygens’ principle by adding periodicity
and creating a model that could explain diffraction. Most importantly, Young
and Fresnel argued that light waves must be transverse, not longitudinal.

It was James Clerk Maxwell’s synthesis of the laws of electromagnetism that
led to the discovery of light as an electromagnetic wave. He demonstrated that
the calculated speed of electromagnetic waves in a vacuum precisely matched
the known speed of light. This critical finding established that the oscillating
electric and magnetic fields, E and H respectively, in his equations are the
physical quantities that propagate transversely as light. This insight provided a



complete physical basis for wave optics and allows the laws of geometrical optics
to be derived directly from these first principles.

1.2 Maxwell’s Equations

This paper will trace this derivation, from the wave solution of Maxwell’s equa-
tions through the eikonal equation, and demonstrate the derivation of Snell’s
law with a least action variational method.

Following the work of Kline [2], we apply a form of Duhamel’s principl
to relate the electromagnetic field to an arbitrary charge distribution with har-
monic time dependence. We begin with the macroscopic Maxwell equations in
a medium, which form the foundation for this derivation:
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where E, HeR3 represent the electric and magnetic field vectors, respectively.
The properties of the material are defined by the electric permittivity € and the
magnetic permeability p, which are piecewise continuous functions of position
(z,y, 2).

The function F is assumed to be separable in space and time:

F(r,t) = g(z,y,2)f(t), 7= (z,y,2).
In this case, g can accommodate different sources. For example, in the case of
a Hertzian dipole, g = M (x,y, z) where M is the constant vector moment of the
dipole, and §(z,y, z) is the dirac delta function. The function above represents
a source that is “on” at time ¢ = 0. The corresponding initial conditions are as
follows:

E(F07)=H(707)=0, and E(7,00) = H(F, 00) =0,

with f(¢) = 0 for all ¢ < 0. The harmonic time dependence is introduced by
defining f(t) for ¢t > 0 as the piecewise wave equation:

ﬂﬂ:{ol t<0
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This ch01ce of F', coupled with the zero initial conditions, allows the pulse
solutions EO, Hy to be constructed using Duhamel’s principle integral, trans-
forming the problem of solving the inhomogeneous Maxwell equations into a
more usable form.

IDuhamel’s principle is a method for solving inhomogeneous differential equations. Kline
attributes its specific application to Maxwell’s equations to R. K. Luneburg, who derived it
via Laplace transformations in a 1947-1948 lecture series at NYU.



Using the forcing function f(¢) and zero initial conditions allows the elec-
tromagnetic field solutions E, H to be constructed from the pulse solutions Fj,
Hjy with Duhamel’s principle. The general solution is given by the convolution
integral:

B = 35 [ Bate=)sryin @
H(t) = % /O Ho(t —7)f(7)dr. (4)

Here, 7 is a placeholder variable for the convolution in time, representing
the history of the source contribution ]

1.3 Transition to the Eikonal Equation and Wave Fronts

After confirming the solution’s correctness via direct substitution, Kline’s next
objective is to interpret the integral. He achieves this by splitting it into two dis-
tinct physical components: a “geometric optics” part, which provides the main
contribution, and a “wave optics” part, developed as a Taylor series via repeated
integration by parts, which encapsulates the contributions from discontinuities
and wave effects.

We begin with the expressions for the time-dependent fields of equations (3)
and (4), using the change of variables t — 7 = s:

B(t) = % ( /0 t Eo(s)e“(ts)ds> (5)
) = % ( /O t Ho(s)eiw<f—s>ds) . (6)

Kline notes the existence of a discontinuity hypersurface defined by ¢ = M

where the function v satisfies the conditions:

3

Vip x [Hy) = e[Eo] = 0
Vi x [Eo] = p[Ho) =0,

and the 1), represent wave fronts satisfying the eikonal equation 12 + wi +p? =
LLE.

To analyze the high-frequency instances when w — oo, we integrate by
parts. For the electric field, we define a spatial amplitude function w(z,y, z) by

evaluating the expression for E (t) and factoring out the time-harmonic part:

t
u(z,y,2) = Eo(t) — iwe_i“t/ Eo(s)e“*ds.
0

2Source contribution simply means the total field at time ¢ is the summation of all contri-
butions from the source at previous times 7 < t.



Note that as t — oo, the field Fy(t) approaches the static field Ey(o0), and the
integral must converge sufficiently rapidly. A similar expression holds for the
magnetic field:

t
v(x,y,z) = Hy(t) — iwe_i“’t/ Hy(s)e™*ds.
0
Thus, for large ¢, the full fields behave as E(t) ~ e~ “tu(x,y, z) and H(t) ~
e~ wiy(x,y, z), where u and v are time-independent spatial distributions repre-
senting the amplitude of the wave.

In the high-frequency limit, we extend the integrals to infinity and express
u and v in terms of their asymptotic values:

e 2) = Eo(o0) i [ (Bals) ~ Bo(oc) e, ™
v(x,y,z) = Hy(co) —iw /000 (Ho(s) — Ho(o0)) €5 ds. (8)

At this point, we note that Fy(s) is discontinuous at points s, (for a =
1,...,n) corresponding to the wave fronts. Define the jumps as [Ep)o = Fo(s})—
Ey(s;). We now integrate by parts to develop a series in powers of 1/w:

U = Eo(00) — iw /0 " (Bo(s) — Fo(o0)) e ds

= Ey(00) — (Eo(s) — Eo(o0)) ™*

o0 oo .
—|—/ Eys(s)e™?ds
0 0
:E()(O+)+/ EQS(S)eindS.
0

Integrating by parts again accounts for the discontinuities in Fys(s):

Eps(s)e®ds = — [Ep]a€’® —/ Epss(s)e™?ds | .
/0\ 1w ; 0

Substituting back, the amplitude function becomes:

o0

1 . 1 )
uw=Ey(0") + — Eglae"@% — — Eogss(s)e*¥?ds. 9
0(07) 4 7, SolEolae > = [ B )
Continuing to integrate (9) by parts provides a complete asymptotic expansion
of the wave amplitude. The leading term is determined by the initial pulse,
which, from our previous analysis, is given by Ey(07) = =2. The subsequent

terms form a series in powers of (T}u)

= E O+ E o WS o . Esa WS e
u=Eo(0%) + > [Eolae +i‘*’§a[O]e +

a=1



At this point, we can also acknowledge that s, is synonymous with the
eikonal equation 1, and the electric field and magnetic field have the same
form like this:
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u = Eo(o ) + agzl[Eo]ae + rw ga [EOs]ae + ) (10)
v = Hy(0F) + QEZI[HO]anw% +— Ea [Hosla€™ Ve + - . (11)

This series nicely decomposes the solution into its physical components. The
constant term Fy(0T), represents the geometric optics part, and defines the lim-
iting high-frequency behavior where the wave propagates as a ray. The infinite
series of terms proportional to e™*= constitutes the wave optics correction. It
describes wavelike phenomena, such as diffraction and the precise structure of
those wave fronts. Each term in this series accounts for the effect of a disconti-
nuity in the wavefront s, with decreasing intensity as o — oo.

Kline’s method justifies the principles of geometric optics, since in high-
frequency instances when w — oo, the wave optics corrections vanish, and the
propagation of light is governed solely by the eikonal equation ct = ¥ (z,y, z) .
It is from this equation that fundamental laws like Snell’s Law and the Law of
Reflection can be directly derived.

2 Eikonal Equation deriving Geometric Optics

2.1 First Attempt

We start with a point source that emits spherical wave fronts. These are defined
by the surfaces:
W, = {% € R® . (&) = ct},

where the function 1(Z) is our eikonal (or phase function)d and & = (z1, 2, 23).
Now we throw in a discontinuity: a flat planar interface at o = d where the
index of refraction jumps:

. {no z9 < d
n(Z) =
ny T > d.

Here, ny and n; are just constants. We also pick some arbitrary point ¢
sitting in the n; medium, so that ¢ > d.

Light rays travel in straight lines within each homogeneous medium, but
their path bends at the discontinuity o2 = d. Because of this, we model a single
ray’s trajectory in two segments. An initial segment from ¢ = 0 to t = T (the

3The eikonal v satisfies |V (%)|2 = n(&)?2, where n(Z) is the index of refraction.



time of intersection) with direction &, and a final segment from ¢t =T, tot =T
with direction #, terminating at an arbitrary point q.

L ot 0<t<T.
n
a(t)y=4 " (12)

g— 20T —t) T.<t<T.
n

This also requires a couple of conditions. This considers the case where the
ray bends into the second medium, so the angles are between 0 and 90 degrees,
5 > 62 > 0 and the point ¢ is definitely past the interface, g2 > d.

The key idea is that at the precise moment ¢t = T, the ray hits the interface.
So, we impose the condition that the vertical component of its position must
be d at that time. Let’s use the expression for the path after the interface to
describe this event. Plugging t = T, into the bottom part of the piecewise
function gives:

o(T.)=q— (T ~T.)
ny
We want the y-component of this to be equal to d:
c
[2(Ty)]2 = g2 — —02(T — T,) = d.
ni
Solving this equation for the unknown time T gives us the following,

ni
T, =T - — (g2 — d).
* 662 (q2 )
Finally, we make one last big assertion: the path has to be continuous. The
limit of its position as we approach T, from the left must equal the limit as we
approach from the right:

lim z(t) = lim =(t).
t—T t—TF

Plugging in our piecewise definitions (12), this continuity condition leads to the
following equation.

LWl =q— 20T -T).
U0 ny

After a few different iterations of working with this equation and the previous
one, nothing quite came together. There were too many variables (T, Ty, ¢, d, w, 6)
and not enough constraints to make things cancel nicely. Having so many time
variables as well in the equations made it difficult to isolate the relationship
between the angles w and 6 that would give us Snell’s law.

2.2 Least Action Principle

An alternative approach to describing light propagation, notably employed in
an ad-hoc manner by Kline [3], utilizes the Principle of Least Action. Instead of



tracking wave fronts, this method considers all possible paths a light ray could
take and identifies the one that minimizes the action functional.

In order to take this approach, we define the least action principle as the
transformation .Z(y(s)) and the integral

/0 n(v ()Y (5) s, (13)

where ||7/(s)]| is the Euclidean norm of the tangent vector v'(s) = % and n
is the index of refraction in the medium. To find the path that minimizes this
action, we introduce a smooth perturbation function ¢(s) that vanishes at the
endpoints, i.e., $(0) = ¢(1) = 0. The perturbed path is given by

Ve(s) = 7(s) + €g(s)- (14)

The action along the path ([[4) becomes a function of e:

L) = / n(7e()) I (5) | ds. (15)

For ~ to be a minimizing path, the derivative of this action with respect to
€ must be zero at € = 0:

o= ([ ety snas)|
V() 85

1
= [ (w0t o) @1+ nta) T 5 ) s =
0 17 ()

A complication arises when this variational method is applied across a dis-
continuity in the medium (e.g., at an interface between two materials). The
standard formulation requires that the perturbation ¢(s) be zero throughout
the domain, including at the point of discontinuity. To properly account for the
“jump” in the path at an interface, the integral in Eq. (I&]) must be split at the
discontinuity point s = tg.

73(76)

de 0o (/0 "n(3(s) + €6() |1 (5) + e (s) s+

e=

e=0

[ n0e) + o)1 (6) + e o)

to

Since the parameter ty divides the index of refraction into two homogeneous
mediums, it becomes a constant for either side and the equation simplifies to:

i

o (o [+ eoas = an [ 16+ cotelas)

e=



and, after evaluating at e = 0,

to 0 . to 0 . A1
= no/ Mds +ny / 7 I(b ds. (16)
o [l o [l

At this point, we integrate by parts to make ¢’ return to ¢ so that all parts
multiplied by it can be evaluated at zero as well as at the discontinuity ¢

,Y/ to_ /to d ( 7/ )
o L0 —ng [ 2 - pds

71l o o ds \ |7

,Y/ 1 /1 d ( ,Y/ )
trige L [ (Y s,

Il e to ds \ [Vl

The expression can be separated into terms that describe the interface and
terms that describe the path within each medium:

/
{nﬂ
el
For this equation to hold for all smooth perturbations ¢(s), both parts must
individually be zero. This requires a further argument which can be found in
appendix [Bl
The integral term vanishing implies that the path is a straight line in each
medium. The boundary term vanishing implies the condition at the interface:

/

g Y
ol

to} '¢(to)+/ol(-~-)-qbds:o.

tg

! !

ny— — o777 = 0, or nlfl - notAO =0; (17)
[l [ e 1[I e ’

where t = ﬁ is the unit tangent vector. This is the vector form of Snell’s law,

governing the bending of light at a discontinuity.

3 Reflection

When I first contacted my advisor about this project, I expressed my interest in
visual distortion and geometric optics. As a mathematics and computer science
student passionate about graphics, my goal was to deepen my understanding of
the mathematical models of light used in rendering.

While concepts like Fourier Transform, Dirac Delta distributions, and con-
volutions felt incredibly unfamiliar at the start, they began to make sense as
mathematical tools to describe physical phenomena. Understanding equations
([I0) and (II) as an initial pulse and its following wave intensities was one of
my favorite meetings. I hope to spend more time exploring the wave optics
expansion to model diffraction. Similarly, seeing why the least action principle
requires a weak solution formulation helped me better understand how rigorous
mathematics can prove physical relationships.

10



Over these ten weeks, I gained a much better understanding of how light
is modeled through the framework of how Maxwell equations inform geomet-
ric optics. While working with Jason I was also independently modeling the
fundamental architecture of a ray-tracer. I followed the work of educators like
Peter Shirley et. al. [5] and with a basis of a functional ray-tracer continued to
implement modeling techniques from Pharr and Humphreys’ “Physically Based
Rendering - From Theory to Implementation” [4]. I documented this journey
here

Although Jos Stam was not the first researcher to implement wave optics in
computer graphics, his 1999 paper “Diffraction Shaders” [6] was highly influen-
tial to my work. His mathematical simplifications appeared both realistically
implementable and conceptually elegant. I plan to dedicate some of my time
to exploring these techniques and implementing diffraction calculations in the
future.

3.1 Acknowledgements

I would like to deeply thank Professor Jason Murphy for advising me on this
project. His help in learning material and coming up with derivations is the
basis for this entire project. This work would not have been possible without
him, and I truly appreciate having had the opportunity to learn this material
together.

I would also like to thank the University of Oregon Mathematics Department
for this research opportunity. This experience has revealed the rich intersection
of applied mathematics and computer graphics, providing an accessible entry
point into the field. The work has been profoundly impactful, offering a founda-
tion for further exploration in modeling, geometry, and computational graphics

A Fourier Analysis

The calculations above relate to monochromatic light for simplicity. However,
since real light sources are never perfectly monochromatic, the Fourier transform
is an essential tool for modeling and analyzing the broader spectra encountered
in practical applications, as detailed by Goodman [I].

The Fourier transform (or frequency spectrum) of a complex-valued function
g of three independent spatial variables Z = (x,y, z) is represented as F(g) and
is defined by the integral:

Fa(@) = 1@ = [[[ a@emaz (15)

where E: (£1,&2,&3) is the spatial frequency vector. Its components &1, &s, &3
are the spatial frequencies in the x, y, and z directions, respectively. The term
& - T is the dot product &1 + &y + E32.

4In case you cannot view the hyperlink, it is jhttps://www.carmenpark.space/projects/ray-
tracer /ray-tracer.htmly.
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The corresponding inverse Fourier transform, which recovers the original
spatial function from its frequency representation, is defined by:

Fa@ = ola) = [[[ c@emenag

B Weak Solution Principle

To define a “Weak Solution Principle”, start with a smooth function F' that
depends on a path 7(s) and its derivatives. We say that the equation F((s)) =
0 for all s € (0,1) holds in a strong sense or in a pointwise sense. Say we only
know that for every infinitely differentiable test function ¢(s) that is zero at the
boundaries (i.e. ¢(0) = ¢(1) = 0), then we get the following integral,

/0 F (7(s)) ¢ (s)ds = 0,

and it follows that equation F'((s)) = 0 holds in the weak sense.

If the function is zero, then the integral against any test function ¢ must
also be zero. We prove the converse; that if the integral is zero for all ¢, then
the function itself F(v(s)) must be zero.

In order to prove this: We look at a specific point so € (0,1), let ¢,(s) =
n¢ (n(s — sg)). Here, ¢ is a fixed function, it is a bump supported in the unit
interval. then ¢, is supported where |n(s — so)| < 1 which implies |s — so| < L.
This means ¢,, is supported in a neighborhood % around sg. It has a height of
n, width of %, and an integral of 1.

/R¢n(8)d8 = /anﬁ(n(s —80))ds = /Rgb(u)du =1.

Since ¢,, is converging to a delta function at sg, ¢, converges as n — oo to
0(s — sg) and we can use this recover the value of F(vy(s)).

The “modified weak solution principle” then uses the same fundamental
logic. Given ¢y € (0,1) and a path 7(0,1) — R, the following holds for all
smooth these functions ¢

1
S(OC( () + / F(7(s)é(s)ds = 0.

We want to show that G(y(tp)) = 0 and F(y(s)) =0 Vs € (0,1). In order
to reach this conclusion, we apply the weak solution principle (WSP).

First, to show F(y(s)) = 0, consider the test functions ¢ that are zero at .
For these, the local term vanishes and is reduced to fol ¢(s)F(v(s)) = 0. By the
WSP this implies F(y(s) =0 Vs e (0,1).

Second, we show that G(y(tp)) = 0. Since F = 0, It is known that
?(to)G(v(tp)) =0 V¢, and it then follows that G(v(tg)) = 0.

12



This form is similar to the results obtained in Section 2.2 after integration
by parts, where the vanishing of the integral term constrains the function F
(e.g., making it piecewise linear), and the vanishing of the local term G enforces
a boundary condition relating velocity vectors to the index of refraction.
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